Abstract. In this note we study a large class of mean curvature type flows of graphs in product manifold N×R where N is a closed Riemannian manifold. Their speeds are the mean curvature of graphs plus a prescribed function. We establish long time existence and uniformly convergence of those flows with a barrier condition and a condition on the derivative of prescribed function with respect to the height. As an application we construct a weighted mean curvature flow in large classes of warped product manifolds which evolves each graph into a totally geodesic slice.
Introduction
In this paper we are interested in mean curvature type flows of closed graphs in product manifolds.
The first motivation of this project is to find existence of hypersurfaces with prescribed mean curvature in a Riemannian manifold. Suppose M is a Riemannian manifold and f (x, X) is a smooth function on M×T M where T M denotes the tangent bundle of M . It is natural to ask whether we can find a smooth hypersurface Σ satisfying
where v is the normal vector of Σ (see Yau [13] ). The solution to problem (1.1) can be viewed as a stationary point of the following nonlinear mean curvature type flow:
where H is the mean curvature of smooth hypersurfaces F (t, .) with some initial condition. In general we need some geometric conditions to guarantee the existence of problem (1.1) and the long time existence of the flow in (1.2) . For the former one we give a concept referred as a barrier condition. For the latter one we will work with the flows of graphs in product manifolds.
Suppose Ω is a smooth domain such that its boundary ∂Ω has two connected components ∂ 1 Ω and ∂ 2 Ω. Let H ∂ 1 Ω (H ∂ 2 Ω ) be the mean curvature of ∂ 1 Ω (∂ 2 Ω) with respect to the outward (inward) normal vector v 1 ( v 2 ). The choice of the normal vector guarantees that the mean curvature of the boundary of a ball in Euclidean space is always a positive constant. A function f (x, X) ∈ C 1 (Ω × TΩ) is said to satisfies the barrier condition on Ω provided that (1.3)
The barrier condition (1.3) plays an essential role for the exsitence of hypersurfaces with prescribed mean curvature. By assuming this condition, in Euclidean space Treibergs-Wei [12] obtained the existence of starshaped hypersurfaces with prescribed mean curvature function when the function f (p) satisfies a barrier condition and ∂ u (uf (x, u)) ≤ 0 where x ∈ S n and p = (x, u). Zhu [16] established a similar existence result in Euclidean space via a mean curvature type flow when f (p) is a concave function and satisfies a barrier condition. de Andra-Barbosa-de Lira [4] and Cheng-Li-Wang [3] considered the existence of hypersurfaces with general curvature function in warped product manifolds. Their conditions include a barrier condition and ∂ u (φ(u)f (x, u)) ≤ 0 where φ is a warped function and (x, u) denotes the coordinates of warped product manifolds (see Section 2.3).
Another motivation of this project is the nonparametric mean curvature type flow with prescribed contact angle which is a nonparametric version of (1.2). Such flows with prescribed contact angle were studied by Huisken [9] in the case of mean curvature flow and by Guan [6] in the case of general nonparametric mean curvature type flows of graphs over a bounded domain in Euclidean space. A central idea in [6] is that the C 0 estimate will imply the C 1 estimate in mean curvature type equation (1.1) provided that f satisfies an admissible condition. This method was recently developed in general Riemannian manifolds by the second author in [15] .
In this note we continue to apply the idea of Guan [6] into the nonparametric mean curvature type flow without boundary. The main result of this paper is stated as follows. Theorem 1.1. Suppose N is a closed manifold and h(x, u), g(x, u) be smooth functions on product manifold N×R. Suppose
(1) For all x ∈ N there exists two constants u 0 < u 1 satisfying
with initial smooth graph Σ 0 in N×R exists for all time, remains graphical. If
such that t i → ∞ and u(x, t i ) converges uniformly to a smooth solution to problem [15] . Condition (1) is a special case of the barrier condition (1.3) and will give the C 0 estimate of the flow (1.4) (see Lemma 3.1). Thus we can apply the idea of Guan [6] .
If choose general h(x, u) depending on x, we can not obtain the integral estimate in Lemma 3.3. This is a key estimate to show that u t converges to 0 uniformly in Theorem 1.1.
According to Lemma 2.4 there is an one-to-one correspondence between the graphs in product manifolds and those in warped product manifolds (see Section 2.3). Therefore the uniform convergence in Theorem 1.1 gives a flow-type proof of the following existence result. Corollary 1.3. Suppose N is a n-dimensional closed Riemannian manifold. Let φ(u) be a positive smooth function on R and f (x, u) be a smooth function where x ∈ N and u ∈ R. Suppose the following two conditions hold:
Then there exists a smooth hypersurface Σ = (x, u(x)) in warped product manifold N× φ R such that its mean curvature is f (x, u). Here the sign of φ ′ (u) can change comparing to the existence results in [3] and [4] . This fact is useful when we apply this result into Fuchsian manifolds where φ(u) = cosh(u) for u ∈ R and N is a closed hyperbolic surface (see [7] ).
At last we find some good behaviors of a weighted mean curvature flow in warped product manifolds according to Theorem 1.1. It may have independent interests. 
Let N be a closed Riemananian manifold. Suppose Σ 0 is a graphical smooth hypersurface in a warped product manifold N× φ (a, b). Consider a weighted mean curvature flow Remark 1.6. The mean curvature flow in warped product manifolds can blow up in finite time see Appendix A of [15] . In this note such flow is referred as a weighted mean curvature flow. There are many important warped product manifolds satisfying (1.6). We refer the readers to [2] . This paper is organized as follows. In Section 2 we discuss some preliminary facts about product manifolds and warped product manifolds. We also collect necessary evolution equations on nonparametric mean curvature flow in product manifolds from Section 3 in [15] . In Section 3 we establish Theorem 1.1. In Section 4 we demonstrate Corollary 1.3 and Corollary 1.5.
Preliminary facts
In this section we collect some facts on product manifolds, warped product manifolds and nonparametric mean curvature type flows. For more details we refer to [15] and [14] .
2.1. The graphs in product manifolds. Throughout this paper N is a n-dimensional closed Riemannian manifold with Riemannian metric σ. Let u(x) be a smooth function over N . Let {∂ i := ∂ ∂x i } be a local frame along N and {dx i } be its dual frame. Then the metric σ takes the form
Let u i and u jk denote the covariant derivatives with respect to σ. The gradient of u is
Let Σ denote the graph of u(x) in the product manifold N×R. Then its downward normal vector is
where∇ is the covariant derivative of N×R. The mean curvature of Σ is
wherediv is the divergence of N×R. The norm of the second fundamental form is (2.6)
2.2. Nonparametric form. Now we consider the nonparametric form of the mean curvature type flow in (1.4).
Lemma 2.1. Suppose {Σ t } is a family of graphs over N satisfying (1.4) and is represented as {(x, u(x, t))} where u(x, t) :
Then u(x, t) satisfies the following quasilinear parabolic equation:
where ⊥ is the projection into the normal bundle of Σ t By definition
Here we view Du as a function of u k written as Du = u k ∂ k .
Therefore we proceed as in Section 3 of [15] and define a parabolic operator
Now we record the evolution equations of u(x, t) and ω = 1 + |Du| 2 along the flow (2.7) as follows.
Lemma 2.2. Let u(x, t) be the smooth solution to the flow (2.7) on [0, T ].
Then ω satisfies that Proof. The first identity is obvious according to (2.7). For the proof of the second identity see Lemma 3.5 in [15] .
2.3. Warped product manifolds. Let I be an open interval and φ(r) be a smooth positive function on I. Recall that a warped product manifold N× φ I is defined the set {(x, r) : x ∈ N, r ∈ I} equipped with the metric φ 2 (r)σ + dr 2 .
The warped product manifold is a generalization of space forms. When N is the standard sphere and I is (0, ∞), these warped product manifolds are called as rotationally symmetric spaces (see Scheuer [11] ). When N is a closed hyperbolic surface and φ(r) = cosh(r), such warped product manifold is referred as a Fuchsian manifold (see Huang-Wang [7] ). For more examples of warped product manifolds, we refer to Brendle [2] . Now we study graphs in warped product manifolds and establish their connection with those in product manifolds.
Let u(x) be a smooth function on N and Σ be the graph of u(x) in N× φ R. The downward normal vector to Σ is given by
where |Du| 2 is the norm of the gradient Du in (M, σ) and r = u(x). We define
where Φ(r) is a strictly increasing function with Φ ′ (r) = 
where
Proof. Let∇ and denote the covariant derivative and the inner product of N× φ R respectively. Let {∂ i } n i=1 , ∂ r be a local frame of N and R respectively. Moreover, σ = σ ij dx i dx j .
All computations are evaluated at (x, r). A well-known fact in warped product manifolds is that V = φ(r)∂ r is a conformal vector in N× φ R satisfying∇ X V = φ ′ (r)X. In particular
On the other hand {X i : ∂ i + u i (x)∂ r } is a local frame on Σ. The first fundamental form of Σ is
Thus its inverse is g ij = φ −2 (r)(σ ij − ϕ i ϕ j ω −2 ) where ω = 1 + |Dϕ| 2 . The second form follows from
In the last line above some hidden facts are
where ∇ and σ are the covariant derivative and the inner product of (M, σ) respectively. The conclusion follows from H = g ij h ij .
A direct application of Lemma 2.3 establishes a correspondence between graphs in warped product manifolds and those in product manifolds. A similar but slightly different case is discussed in Gerhardt [5] .
Lemma 2.4. Let u(x) be a smooth function on N . The mean curvature of the graph of u(x) in N× φ R is f (x, u(x)) if and only if
where u(x) = Φ −1 (ϕ(x)) and ω = 1 + |Dϕ| 2 . Here H(ϕ) is the mean curvature of the graph ϕ(x) in product manifold N×R.
Proof. The proof is straightforward by combining Lemma 2.3 with (2.5).
3. The proof of Theorem 1.1
In this section we give the proof of Theorem 1.1. Comparing to the prescribed contact angle conditions in [15] here we discuss mean curvature type flows without boundary condition in product manifolds.
For the convenience of readers Theorem 1.1 is restated as follows. , u) ) ≤ 0 for all x ∈ N and u ∈ (u 0 , u 1 ). If Σ 0 is a smooth graph contained in the domain N×(u 0 , u 1 ), then the flow
with initial smooth graph Σ 0 in N×R exists for all time, remains graphical. If h(x, u) = h(u), u t (x, t) converges to 0 uniformly. Moreover there is a {t i } ∞ i=1 such that t i → ∞ and u(x, t i ) converges uniformly to a smooth solution to problem
where H(u) is the mean curvature of the graph of u(x) in N×R. In the above v always denotes the downward normal vector.
Our proof is divided into three steps: the C 0 estimate, the C 1 estimate and the uniformly convergence. In subsection 3.1 we establish the long time existence in Theorem 1.1. In subsection 3.2 we show the uniformly convergence.
3.1. Long Time existence. Suppose Σ 0 = (x, u 0 (x)) is a graph of u 0 (x) in N×R where u 0 (x) ∈ (u 0 , u 1 ). Acoording to the standard theory of parabolic equation we can assume that Σ t is the smooth flow in (1.4) existing on [0, T ) for some T > 0 and remaining as graphs over N in N×R. We write Σ t as (x, u(x, t)) in N×R. Therefore according to Lemma 2.1 u(x, t) satisfies (2.7) with u(x, 0) = u 0 (x) as follows.
Proof. Otherwise there exists a time t 0 ∈ (0, T ) and x 0 ∈ N such that u(x, t) firstly achieves u 0 or u 1 at p 0 = (x 0 , u(x 0 , t 0 )). In the former case we have
However according to condition (1) and (2.7) we always have
This is a contradiction to a strong maximum principle of parabolic equation. Therefore u(x, t) never achieves u 0 . With a similar derivation u(x, t) never obtains u 1 .
Lemma 3.2.
There exists a positive constant µ 0 independent of T such that
for all x ∈ N and t ∈ [0, T ).
Proof. Let η = e Ku(x,t) where K is a positive constant determined later. We consider the evolution of ηω along the flow (2.7). According to (2.9), we have
Now fix a positive constant T 0 where T 0 < T . Assume ηω achieves the maximum on N × [0, T 0 ] at (x 0 , t 0 ). Furthermore we can assume t 0 > 0.
Otherwise we can take larger T 0 until T 0 = T . In this case nothing needs to prove. At this point (x 0 , t 0 ) combining (2.11) and (3.5) one sees that
where v N = Du ω and ψ = −h(x, u) − g(x, u)ω. In the following we denote different constants independent of time T 0 by C. Since N is closed and v N , v N ≤ 1, then |Ric(v N , v N (2) and Lemma 3.1 we have
In summary at the point (x 0 , t 0 ) (3.6) can be further simplified as follows.
where C is independent of T 0 . Now we expand Lη η and obtain that
The first term in equation (3.8) takes the form
Again by Lemma 3.1 the second term in equation (3.8) becomes
Putting these computations together into (3.7) we obtain at point (x 0 , t 0 )
where C are constants independent of T 0 . Now choose K 0 sufficiently large only depending on C we obtain that
Here ω 0 > 1 is a positive constant only depends on K 0 . Therefore ω 0 is independent of T 0 . Since ηω obtains its maximum on N × [0, t 0 ], then
where we apply Lemma 2.1. Let µ 0 be K 0 ω 0 . Since µ 0 does not depend on time T 0 , we obtain the conclusion.
Lemma 2.1 and Lemma 3.2 give uniformly C 0 and C 1 bound of the flow in (3.1). Therefore the flow (3.1) is uniformly parabolic. By the standard theory of nonlinear parabolic equation (see Section 5.5 in [10] ), the flow (3.1) have long time existence. As a result the mean curvature type flow of graphs in (1.4) exists for all time and remains as graphs.
3.2. Uniformly Convergence. Now we show the uniformly convergence in Theorem 1.1. From now on we assume h(x, u) = h(u). We just show that u(x, t) satisfies an uniformly parabolic equation (3.1) for all t ∈ (0, ∞) with the uniformly C 0 and C 1 bound by Lemma 2.1 and Lemma 3.2. Thus we conclude that |u t (x, t)| ≤ C where C is independent of C. Moreover a key fact for uniformly convergence in our proof is given as follows.
Lemma 3.3. With the assumptions in Theorem 1.1, it holds that
Here C is a positive constant independent of T > 0.
Proof. Problem (3.1) is rewritten as
where div is the divergence fo N . Let s(x, u) denote e − h(u)du . Applying the divergence formula one sees that
Then we compute the t-derivative of s(u)ω with equation (3.13) as follows:
The last line follows since s ′ (u) + s(u)h(u) ≡ 0. Thus the t-derivative of M s(u)ωdx takes the following form.
where G(x, u) = s(u)g(x, u)du. Reorganizing the above equation one sees that (3.14)
Here s(u) = e − h(u)du and G(x, u) = s(u)G(x, u)du. The conclusion follows directly because from Lemma 2.1 and Lemma 3.2 u(x, t) and ω are uniformly bounded.
Now we are ready to conclude the convergence of u t in Theorem 1.1.
Lemma 3.4. Take the assumptions in Theorem 1.1 and suppose h(x, u) = h(u). Then u t (x, t) converges uniformly to 0.
Proof. Suppose u t (x, t) does not converge uniformly to 0. There are a constant ε 0 > 0, a sequence {x n } ∈ M and {t n } → ∞ such that
Without loss of generality, we assume t n+1 − t n ≥ 1. Notice that in our settings all derivatives of u(x, t) are uniformly bounded because of Lemma 2.1 and Lemma 3.2. Thus after suitable choosing subsequence, there is a point x 0 ∈ M and ε < 1 2 such that |u t (x 0 , t)| ≥ ε 0 2 for all t ∈ (t n − ε, t n + ε). This in turn implies that there is a compact domain Ω x 0 containing x 0 such that for all x ∈ Ω x 0 and t ∈ (t n − ε, t n + ε), we have |u t (x, t)| ≥ ε 0 4 because all higher derivatives of u(x, t) are uniformly bounded. Thus
as t n → ∞. This gives a contradiction to Lemma 3.3. Hence u t (x, t) converges uniformly to 0. Now we conclude the uniformly convergence of Theorem 1.1. Since u(x, t) and all derivatives of u(x, t) are uniformly bounded. Then there exists a sequence {t i } ∞ i=1 going to infinity such that u(x, t i ) converges to a smooth function u ∞ (x). Because u(x, t) satisfies that
and by Lemma 1.1 u t → 0 as t → ∞, u ∞ (x) is the solution to the problem
The proof of Theorem 1.1 is complete.
4. The proof of Corollary 1.3 and Corollary 1.5
In this section we apply Theorem 1.1 into the setting of warped product manifolds. Those applications are based on Lemma 2.4 which gives a one-toone correspondence between graphs in warped product manifolds and those in product manifolds. (Corollary 1.3 ) Suppose N is a n-dimensional closed Riemannian manifold. Let φ(u) be a positive smooth function on R and f (x, u) be a smooth function where x ∈ N and u ∈ R. Suppose the following two conditions hold:
(1) for all x ∈ N there exists two constants u 0 < u 1 satisfying
Then there exists a smooth hypersurface Σ = (x, u(x)) in warped product manifold N× φ R such that its mean curvature is f (x, u(x)).
Proof. Now we work in the product manifold N×R. Let g(x, ϕ) = f (x, u)φ(u) and h(ϕ) = −φ ′ (u) where u(x) = Φ −1 (ϕ(x)) from (2.13). As a result ∂ϕ ∂u = 1 φ(r) > 0. It is easy to see that condition (1) and condition (2) imply the two conditions in Theorem 1.1. Theorefore Theorem 1.1 implies that there is a smooth function ϕ(x) such the mean curvature of its graph in N×R is
where u = Φ −1 (ϕ(x)) and ω = 1 + |Dϕ| 2 . Lemma 2.4 we obtain the conclusion.
4.2.
The proof of Corollary 1.5. We restate Corollary 1.5 as follows. 
Let N be a closed Riemananian manifold. Suppose Σ 0 is a graphical smooth hypersurface in a warped product manifold N× φ (a, b). Consider a weighted mean curvature flow Proof. Suppose Σ t is a family of graphs satisfying the flow in (4.3) with the initial graph Σ 0 , represented as (x, r(x, t)). Then according to Lemma 2.3 r(x, t) satisfies According to Lemma 3.2 and Lemma 3.1 ϕ(x, t) has uniformly C 0 and C 1 bound. All derivatives of ϕ(x, t) are uniformly bounded and ϕ t converges to 0 uniformly. If we can show that ϕ(x, t) converges to x 0 uniformly, the conclusion follows. Now we argue that the above claim is true. Next we consider the flow in 
